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Abstract
Let claw be the graph K1,3. A graph G on n ≥ 3 vertices is called o-heavy if each
induced claw of G has a pair of end-vertices with degree sum at least n, and called
1-heavy if at least one end-vertex of each induced claw of G has degree at least n/2.
In this note we show that every 2-connected o-heavy or 3-connected 1-heavy graph
is Hamiltonian if we restrict Fan-type degree condition or neighborhood intersection
condition to certain pairs of vertices in some small induced subgraphs of the graph.
Our results improve or extend previous results of Broersma et al., Chen et al., Fan,
Goodman & Hedetniemi, Gould & Jacobson and Shi on the existence of Hamilton
cycles in graphs.
Keywords: Hamilton cycle; induced subgraph; claw-free (1-heavy, 2-heavy, o-heavy)
graph
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1 Introduction
We use [1] for terminology and notation not defined here and consider finite simple graphs
only.
Let G be a graph, H be a subgraph of G, and S be a subset of V (G). If H is induced
by S, then we denote H by G[S]. We use G − H to denote the subgraph induced by
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V (G)\S. For a family H of graphs, G is called H-free if G contains no induced subgraph
isomorphic to any H ∈ H. In particular, if H = {H}, we use H-free instead of {H}-free.
The graph isomorphic to K1,3 is called a claw. Its vertex of degree 3 is the center and
the other vertices are end-vertices. In this note, we use claw-free instead of K1,3-free. A
vertex v of a graph G on n vertices is called heavy if d(v) ≥ n/2. Following [2, 3], we say
that an induced copy of claw in G is 1-heavy (2-heavy) if at least one (two) of its end-
vertices is (are) heavy. The graph G is called 1-heavy (2-heavy) if every induced claw of
it is 1-heavy (2-heavy), and called o-heavy if every induced claw of it has two end-vertices
with degree sum at least n. Note that every claw-free graph is 2-heavy, every 2-heavy
graph is o-heavy, and every o-heavy graph is 1-heavy, but the converse does not hold. We
use Zi to denote the graph obtained by attaching a path of length i to one vertex of a
triangle.
Generally speaking, there are two types of sufficient conditions with respect to long
cycle problems. On the one hand, there are so-called numerical conditions, among which
maybe degree conditions are the most important ones. The following degree condition for
Hamilton cycles is due to Fan [5].
Theorem 1. (Fan [5]) Let G be a 2-connected graph on n ≥ 3 vertices. If max{d(u), d(v)} ≥
n/2 for every pair of vertices u, v in G with d(u, v) = 2, then G is Hamiltonian.
On the other hand, there are so-called structural conditions, of which the forbidden
subgraph condition is a good example. The following two results belong to this type of
condition.
Theorem 2. (Goodman and Hedetniemi [6]) Let G be a 2-connected graph. If G is
{K1,3, Z1}-free, then G is Hamiltonian.
Theorem 3. (Gould and Jacobson [7]) Let G be a 2-connected graph. If G is {K1,3, Z2}-
free, then G is Hamiltonian.
We also consider the following result due to Shi [11] in Hamiltonian graph theory.
Theorem 4. (Shi [11]) Let G be a 2-connected graph. If G is claw-free and |N(u)∩N(v)| ≥
2 for every pair of vertices u and v in G with d(u, v) = 2, then G is Hamiltonian.
Let G be a graph on n ≥ 3 vertices. In the following, we say that a pair of vertices
u, v of G with d(u, v) = 2 satisfies Fan’s condition if max{d(u), d(v)} ≥ n/2, and satisfies
Shi’s condition if |N(u) ∩N(v)| ≥ 2.
By restricting Fan’s condition and Shi’s condition to certain substructures in graphs,
Broersma et al. [2] proved the following first result, which generalizes Theorems 1 and
2
4. Broersma et al. [2] also constructed graphs to show that the condition 2-heavy cannot
be replaced by 1-heavy under the same connectedness, and obtained a similar result for
3-connected 1-heavy graphs.
Theorem 5. (Broersma, Ryja´cˇek and Schiermeyer [2]) Let G be a 2-connected 2-heavy
graph. If every pair of vertices u, v with d(u, v) = 2 satisfies Fan’s condition or Shi’s
condition, then G is Hamiltonian.
Theorem 6. (Broersma, Ryja´cˇek and Schiermeyer [2]) Let G be a 3-connected 1-heavy
graph. If every pair of vertices u, v with d(u, v) = 2 satisfies Fan’s condition or Shi’s
condition, then G is Hamiltonian.
Later, Chen et al. [4] extended Theorem 5 to a larger class of o-heavy graphs.
Theorem 7. (Chen, Zhang and Qiao [4]) Let G be a 2-connected o-heavy graph. If every
pair of vertices u, v in an induced copy H of Z1 with dH(u, v) = 2 satisfies Fan’s condition
or Shi’s condition, then G is Hamiltonian.
Recently, by restricting the degree sum condition to induced claws and the Fan-type
degree condition to induced Z2’s, Ning and Zhang [10] obtained the following theorem.
Theorem 8. (Ning and Zhang [10]) Let G be a 2-connected o-heavy graph. If every pair
of vertices u, v in an induced copy H of Z2 with dH(u, v) = 2 satisfies Fan’s condition,
then G is Hamiltonian.
Motivated by Theorems 3, 7 and 8, in this note we first give the following result which
is a common generalization of Theorems 1, 3 and 4.
Theorem 9. Let G be a 2-connected o-heavy graph. If every pair of vertices u, v in an
induced copy H of Z2 with dH(u, v) = 2 satisfies Fan’s condition or Shi’s condition, then
G is Hamiltonian.
In fact, instead of Theorem 9, we prove the following stronger result. Obviously,
Theorem 10 also improves both Theorems 7 and 8.
Theorem 10. Let G be a 2-connected o-heavy graph. If every pair of vertices {a2, b1}
and {a3, b1} in an induced Z2 of G satisfies Fan’s condition or Shi’s condition, then G is
Hamiltonian. (see Fig. 1)
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Fig. 1 The graph Z2.
We also prove the following result which extends Theorem 6.
Theorem 11. Let G be a 3-connected 1-heavy graph. If every pair of vertices u, v in an
induced copy H of Z1 with dH(u, v) = 2 satisfies Fan’s condition or Shi’s condition, then
G is Hamiltonian.
The proofs of Theorems 10 and 11 are postponed to Sec. 2.
2 Proofs of Theorems 10 and 11
Before the proofs, we give some additional notation and terminology, following [4, 9].
Following [4], let H be a path or a cycle with a given orientation. By
←−
H we denote the
same graph as H but with the reverse orientation. For a vertex v of H, we use v+H and v
−
H
to denote the immediate successor (if it exists) and immediate predecessor (if it exists) of
v on H, respectively. Furthermore, we define v+2H = (v
+
H)
+ and v−2H = (v
−
H)
−. If S is a
set of vertices of H, then we define S+H = {s
+
H |s ∈ S} and S
−
H = {s
−
H |s ∈ S}. When no
confusion occurs, we denote v+H , v
−
H , v
+2
H , v
−2
H , S
+
H and S
−
H by v
+, v−, v+2, v−2, S+ and
S−, respectively. For two vertices u and v of H, we use H[u, v] to denote the segment of
H from u to v along the orientation.
Let G be a graph on n ≥ 3 vertices. Recall that a vertex of G is heavy if its degree
is at least n/2; otherwise, it is light. For an induced copy of claw in G, if all of its three
end-vertices are light, it is called a light claw. A cycle C in G is called heavy if it contains
all the heavy vertices of G.
Let G be a graph, C a non-Hamilton cycle of G and v a vertex of V (G)\V (C). A
subgraph F of G is called a (v,C)-fan if the following two conditions hold: (1) F consists
of at least two v-paths which are mutually vertex-disjoint except for v; (2) the other end-
vertices of these v-paths are on C. In particular, if F consists of v-paths Q1, Q2, . . . , Qk,
then we denote F by (v;Q1, . . . , Qk). Thus, if G is k-connected, where k ≥ 2, then by the
connectedness condition, there exists a (v,C)-fan F = (v;Q1, . . . , Qk).
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Next we will introduce a new concept (so called ”Ore-cycle” [9]) given recently. This
concept is motivated by [4, Lemma 3] and will be used as a main tool in our note. Let
G be a graph on n ≥ 3 vertices and k ≥ 3 be an integer. Following [9], we use E˜(G) to
denote the set {xy : xy ∈ E(G) or d(x) + d(y) ≥ n, x, y ∈ V (G)}, and call a sequence of
vertices C ′ = v1v2 . . . vkv1 an Ore-cycle or briefly, o-cycle of G, if vivi+1 ∈ E˜(G) for every
i ∈ [1, k], where the subscripts are taken modulo k.
A graph G on n vertices is called K1,4-o-heavy, if for every induced subgraph H of G
isomorphic to K1,4, there exist two nonadjacent vertices u, v ∈ V (H) with degree sum at
least n.
Three useful lemmas will also be presented. In particular, the last lemma may be a
well known fact and appeared in many papers (although not presented as a lemma). For
a similar proof, we refer the reader to, for example, [9].
Lemma 1 (Li [8]). Let G be a 2-connected K1,4-o-heavy graph. Then every longest cycle
is a heavy cycle.
Lemma 2 (Li, Ryja´cˇek, Wang and Zhang [9]). Let G be a graph on n vertices and C be
an o-cycle of G. Then there exists a cycle C ′ of G such that V (C) ⊆ V (C ′).
Lemma 3. Let G be a non-Hamiltonian graph, C be a longest cycle (longest heavy cycle)
of G, R a component of G− V (C), and A = {v1, v2, . . . , vk} the set of neighbors of R on
C. For u ∈ R, vi, vj ∈ A, there hold
(a) uv−i /∈ E˜(G) and uv
+
i /∈ E˜(G);
(b) v−i v
−
j /∈ E˜(G) and v
+
i v
+
j /∈ E˜(G); and
(c) viv
−
j /∈ E˜(G) and viv
+
j /∈ E˜(G) if v
−
i v
+
i ∈ E˜(G).
Furthermore, if G is a 2-connected o-heavy graph, then there hold
(d) v−i v
+
i ∈ E˜(G) and v
−
j v
+
j ∈ E˜(G);
(e) v−i v
+
i ∈ E(G) or v
−
j v
+
j ∈ E(G); and
(f) Let y1 be the first vertex on
−→
C [v1, v2] such that v1y1 /∈ E(G) and y2 be the first
vertex on
−→
C [v2, v1] such that v2y2 /∈ E(G). For u ∈ V (P )\{v1, v2}, w1 ∈
−→
C [v+1 , y1]
and w2 ∈
−→
C [v+2 , y2], we have (1) uw1, uw2 /∈ E˜(G); (2) v1w2, v2w1 /∈ E˜(G); and (3)
w1w2 /∈ E˜(G).
Proof of Theorem 10. We prove the theorem by contradiction. Suppose that G satisfies
the condition of Theorem 10 and is not Hamiltonian. Let C be a longest cycle of G. Since
every o-heavy graph is also K1,4-o-heavy, by Lemma 1, C is a heavy cycle. Since G is not
Hamiltonian, G − C 6= ∅ and every vertex in G − C is light. Let H be a component of
G−C. By the connectedness condition, there is a (v1, v2)-path of length at least 2 with all
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internal vertices in H, where v1, v2 ∈ V (C). We choose such a path P as short as possible.
Let P = u0u1u2 . . . urur+1, where u0 = v1, ur+1 = v2.
We divide the proof into two cases.
Case 1. r ≥ 2, or r = 1 and v1v2 /∈ E(G).
By Lemma 3 (b), we obtain d(v−1 ) + d(v
−
2 ) < n and d(v
+
1 ) + d(v
+
2 ) < n. This implies
that d(v−1 ) + d(v
+
1 ) < n or d(v
−
2 ) + d(v
+
2 ) < n. W.l.o.g., assume that d(v
−
1 ) + d(v
+
1 ) < n
and d(v−1 ) < n/2. By Lemma 3 (a), u1v
−
1 /∈ E(G) and u1v
+
1 /∈ E(G). Since G is o-heavy,
we obtain v−1 v
+
1 ∈ E(G). If u2 6= v2, then by Lemma 3 (a), there are no edges between
{u1, u2} and {v
−
1 , v
+
1 }, and by the choice of P , u2v1 /∈ E(G). If u2 = v2, then by the
condition, v1u2 /∈ E(G), and it follows from Lemma 3 (c) that u2v
−
1 , u2v
+
1 /∈ E(G). Thus
the subgraph induced by {v1, v
−
1 , v
+
1 , u1, u2} is a Z2. Noting that both v
−
1 and u1 are light,
v−1 and u1 have a common neighbor z other than v1. By Lemma 3 (a), v
−
1 /∈ NC(H), and
this implies that z ∈ V (C). Furthermore, u1z
− /∈ E˜(G) and u1z
+ /∈ E˜(G) by Lemma 3
(a). Since G is o-heavy, z−z+ ∈ E˜(G), and in this case, the fact v−1 z ∈ E(G) contradicts
to Lemma 3 (c).
Case 2. r = 1 and v1v2 ∈ E(G).
Let y1 be the first vertex in
−→
C [v+1 , v
−
2 ] that is nonadjacent to v1, and y2 be the first
vertex in
−→
C [v+2 , v
−
1 ] that is nonadjacent to v2. Note that v1v
−
2 /∈ E(G) and v2v
−
1 /∈ E(G).
Thus, y1, y2 are well-defined.
By Lemma 3 (f), d(y−1 )+d(y
−
2 ) < n, and this implies either y
−
1 or y
−
2 is light. W.l.o.g,
assume that y−1 is light. By Lemma 3 (f), there are no edges between {v2, u1} and {y
−
1 , y1}.
Thus the subgraph induced by {v1, u1, v2, y
−
1 , y1} is a Z2. Since both u1 and y
−
1 are light,
u1 and y
−
1 have a common neighbor z other than v1.
By Lemma 3 (f), we have z /∈ V (H) and z /∈
−→
C [v+1 , y1]. This implies that z ∈
−→
C [y+1 , v
−2
1 ]. By Lemma 3 (a), u1z
− /∈ E(G) and u1z
+ /∈ E(G). Since G is o-heavy, z−z+ ∈
E˜(G). If y−1 = v
+
1 , then C
′ =
−→
C [v+1 , z
−]z−z+
−→
C [z+, v1]v1u1zv
+
1 is an o-cycle longer than
C. If y−1 6= v
+
1 , then v1y
−2
1 ∈ E(G), and C
′ =
−→
C [y−1 , z
−]z−z+
−→
C [z+, v−1 ]v
−
1 v
+
1
−→
C [v+1 , y
−2
1 ]
y−21 v1u1zy
−
1 is an o-cycle longer than C. In each case, we can get an o-cycle longer than C
and contains all vertices in C. By Lemma 2, there is a cycle longer than C, contradicting
the choice of C.
The proof is complete. 
Proof of Theorem 11. We prove the theorem by contradiction. Suppose that G satisfies
the condition of Theorem 11 and is not Hamiltonian. We choose C as a longest cycle in
G with a given orientation. Since G is not Hamiltonian, G − C 6= ∅. Obviously, every
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1-heavy graph is also K1,4-o-heavy, then by Lemma 1, C is a heavy cycle and this implies
that every vertex in G − C is light. Let H be a component of G − C. Now we choose
F = (u;Q1, Q2, Q3) as a (u,C)-fan satisfying |V (F )| is as small as possible, where u is
chosen over all the vertices in H. Let vi be the end-vertex of Qi on C along the orientation
of C, respectively. Set ui = vi
−
Qi[u,vi]
, where i = 1, 2, 3.
From Lemma 3 (b), there is at most one heavy vertex in N+C (H) and at most one heavy
vertex in N−C (H). Thus, we can assume v
−
1 , v
+
1 are light. By Lemma 3 (a), u1v
−
1 /∈ E(G)
and u1v
+
1 /∈ E(G). If v
−
1 v
+
1 /∈ E(G), then {v1, v
−
1 , v
+
1 , u1} induces a claw. Note that v
−
1 , v
+
1
are light and u1 is light by the choice of C and Lemma 1. Thus {v1, v
−
1 , v
+
1 , u1} induces a
light claw, contradicting the fact that G is 1-heavy. So, v−1 v
+
1 ∈ E(G).
Note that {v1, v
−
1 , v
+
1 , u1} induces a Z1. Since v
−
1 , v
+
1 , u1 are light, there exist vertices
z1, z2 such that z1 ∈ N(u1) ∩ N(v
−
1 )\{v1} and z2 ∈ N(u1) ∩ N(v
+
1 )\{v1}. By Lemma 3
(a), zi ∈ V (C), where i = 1, 2.
Furthermore, we claim that z1 6= z2. If not, then {z1, u1, v
−
1 , z
−
1 } and {z1, u1, v
+
1 , z
+
1 }
induce two claws. Since G is 1-heavy, z−1 , z
+
1 are heavy, and this implies z
−
1 z
+
1 ∈ E˜(G).
However, v−1 z1 ∈ E(G), contradicting Lemma 3 (c). Thus, z1 6= z2 and we obtain z
−
1 , z
+
2
are heavy.
Now we can choose F = (u1;u1v1, u1z1, u1z2) (where v1, z1, z2 appear on C along its
orientation) or F = (u1;u1v1, u1z2, u1z1) (where v1, z2, z1 appear on C along its orienta-
tion) as the required fan.
If F = (u1;u1v1, u1z1, u1z2) is the required fan, then noting that z
−
1 z
+
2 ∈ E˜(G) and
v−1 z1, v
+
1 z2 ∈ E(G), C
′ = u1z1
−→
C [z1, z2]z2v
+
1
−→
C [v+1 , z
−
1 ]z
−
1 z
+
2
−→
C [z+2 , v1]v1u1 is an o-cycle
including all vertices in C and longer than C. By Lemma 2, there is a cycle longer than
C, a contradiction.
If F = (u1;u1v1, u1z2, u1z1) is the required fan, then z
+
2 , z
−
1 are heavy and this implies
z−2 , z
+
1 are light by Lemma 3 (b). If v
−
1 z
+
1 /∈ E(G), then {z1, u1, z
+
1 , v
−
1 } induces a light
claw, a contradiction. Thus, v−1 z
+
1 ∈ E(G). By Lemma 3 (b), (c), {v
−
1 , v1, v
+
1 , z
+
1 } induces
a Z1. Since v
+
1 , z
+
1 are light, there is a vertex other than v
−
1 , say w, is a common neighbor
of z+1 and v
+
1 . By Lemma 3 (a), w ∈ V (C). If w = z1 or w = z2, then {w, v
+
1 , z
+
1 , u1}
induces a light claw, a contradiction. Thus, w 6= z1, z2. Consider the subgraph induced
by {w,w+, z+1 , v
+
1 }. Since G is 1-heavy and z
+
1 , v
+
1 are light, w
+ is heavy. Thus, w+z+1 ∈
E˜(G), a contradiction to Lemma 3 (b).
The proof is complete. 
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